We consider scalar-tensor gravity with nonminimal derivative coupling and Born-Infeld electromagnetic field which is minimally coupled to gravity. Since cosmological constant is taken into account it allowed us not only derive static black hole with spherical horizon but also to obtain topological solutions with non-spherical horizons. The obtained metrics are thoroughly analyzed, namely for different distances and types of topology of horizon. To investigate singularities of the metrics Kretschmann scalar is used and it is shown that the character of singularity depends on the type of topology of horizon and dimension of space. We also investigate black hole's thermodynamics, namely we obtain and examine black hole's temperature. To derive the first law of black hole's thermodynamics Wald's approach is applied. Nonetheless this approach is well established, there is ambiguity in definition of black hole's entropy which can be resolved just by virtue of some independent approach. * Among the various types of the scalar-tensor theories we would like to focus on the so-called Horndeski Gravity [7] . One of the most remarkable features of this theory is related to the fact that equations of motion in Horndeski Gravity are of the second order, so it is free from ghost instabilities. Being beyond the scope in the gravity community for several decades it has been studied intensively since the time when relation between Horndeski Gravity and some scenarios in String Theory was established. Namely, this revival of interest in Horndeski Gravity is caused by the investigation of the so called Galileon Theories [8, 9] which are the scalar field theories that posses shift or Galilean symmetry, they are ghost free and those studies also renewed interest to DGP-model [10] , which originally suffered from the ghost instabilities. The equivalence between Horndeski and Galileon Theories was established [11] . Another approach which also gives rise to Galileon Theory takes its origin in Kaluza-Klein dimensional reduction procedure [12, 13] . Some other approaches related to String Theory also give rise to Galileon-like models [14, 15] . We note that multiscalar versions of Horndeski Gravity were also studied [16, 17, 18, 19] and approaches that go beyond Horndeski Theory, but keeping their main attractive features were considered [20, 21, 22, 23, 24] .
Introduction
General Relativity is extremely successful theory which explains vast range of gravitational phenomena starting from the planetary motion and up to the evolution of the Universe [1, 2] . Numerous observations in astrophysics go hand in hand with theoretically predicted values [3] , but nonetheless there are still some open issues that give a chance for new theories which can be treated as generalization of Einsteinian General Relativity [4, 5] . The most puzzling questions which still remain unsolved are the problems related to the origin (or existence) of cosmological singularities, Dark Energy and Dark Matter issues, the problems of evolution of the early Universe, for instance the problem of Inflation which is explained by approaches that take into account terms of the higher order of curvature [6] .
To find solutions of the mentioned above problems different sorts of modification of General Relativity were used. Among them we distinguish for example F (R) theory, Lovelock Gravity, nonlocal modifications of the gravitational action, approaches which incorporate torsion tensor, namely Teleparallel Gravity, Scalar-Tensor Gravity. There are some interrelations between different of these approaches, but certainly any of them has its own peculiarities, more detailed description of the mentioned modifications of General Relativity is given in recent review [5] .
Scalar-Tensor theories are probably the most conservative modification of General Relativity, because the departing point of all these theories is still General Relativity, but additional scalar fields are also included. The scalar fields can be coupled with gravitational degrees of freedom in different ways and due to the character of coupling we can classify all these theories. Important feature of the scalar-tensor theories is also coupling between the scalar and additional material fields which might be taken into consideration, but it should be pointed out here that usually it is supposed to be just minimal coupling between the material fields and gravity in order to obey the equivalence principle.
for the corresponding black holes. In the third section we investigate some aspects of thermodynamics of the black hole, namely the behaviour of its temperature is studied and it is compared with the results derived for the linear Maxwell field [54, 55] , in the second part of this section we obtain the first law of black hole's thermodynamics using Wald's approach. In the forth section we give some conclusions.
Field equations and black hole's solution
The action for the system we consider comprises of several terms, namely the standard Einstein-Hilbert part with cosmological constant, the terms describing the scalar field minimally and nonminimally coupled to gravity and finally the electromagnetic part, minimally coupled to gravity and which is represented by the action of Born-Infeld type. So this action can be written the form: (1) and here g µν is the metric tensor and g = detg µν denotes its determinant, G µν and R are the Einstein tensor and Ricci scalar respectively, Λ is the cosmological constant and ϕ is the scalar field, nonminimally coupled to gravity, F µν = ∂ µ A ν − ∂ ν A µ is the Maxwell field tensor and β denotes the Born-Infeld coupling constant. It should be noted that when β → ∞ the Born-Infeld term gets transformed into standard linear Maxwell term, we also remark that the parameter β is supposed to be positive to obtain reasonable physical results which are in agreement with linear field case. Finally, S GHY denotes boundary Gibbons-Hawking-York term, which is taken into account to have the variational problem well defined, and in case of the theory with nonminimal derivative coupling it can be represented in the form:
and here h denotes the determinant of the boundary metric h µν , K µν and K are the extrinsic curvature tensor and its trace respectively, n µ is the normal to the boundary hypersurface. As it is known Gibbons-Hawking-York term does not affect on the equations of motion in the bulk. We also point out here that gauge field part of the Lagrangian in the action (1) can be considered as a particular case of a more general Born-Infeld-type Lagrangian, but the given form of the Lagrangian allows to catch the most important features of the Born-Infeld Theory and it was used in numerous papers where different aspects of Black Holes' Physics were studied [69] . The principle of the least action, applied to the action (1) gives rise to equations of motion for the system. Namely, for the gravitational field the equations of motion can be written in the form:
where the following notations are used:
It is worth being remarked that the term T (1) µν is the standard form of stress-energy tensor for a minimally coupled scalar field and T (2) µν corresponds to the stress-energy tensor of the nonminimally coupled part. Finally, the term T (3) µν denotes the stress-energy tensor for the electromagnetic field given by the Born-Infeld action. Varying the action (1) with respect to the scalar field ϕ one arrives at the following equation:
Taking the variation of the action (1) with respect to the gauge potential A µ we obtain the equations for the gauge field:
It should be noted that in the limit β → ∞ standard Maxwell equations are recovered.
Since the action (1) includes the cosmological constant Λ and it means that topological solutions might exist. Here we will consider static topological solutions and consequently suppose that the metric takes the form:
where dΩ 2(ε) n−1 is the line element of a n − 1-dimensional hypersurface of a constant curvature which can be represented in the form:
and here dΩ 2 (n−2) is the line element of a n − 2-dimensional hypersphere. Thus, the expression dΩ
represents the line element on a hypersurface of positive, null or negative curvature for given values of parameter ε. We point out here that in the present work we consider dimensions n 3. As it has been mentioned above we are going to obtain the static solutions and it means that we can choose the gauge field form as follows: A = A 0 (r)dt (only a scalar component of electromagnetic potential is nonzero). Taking the chosen form of gauge field and the metric (9) into account we solve the equations (8) and obtain the electromagnetic field tensor of the form:
where q is an integration constant related to the black hole's charge. We note here that the behaviour of the electromagnetic field depends on the product of metric functions U W which is a function of the radial coordinate r.
Taking into consideration the explicit form of the metric (9) and integrating the equation (7) for a once we arrive at the relation:
In the following we assume that obtained in the latter relation constant C is equal to zero and it simplifies the procedure of solving of the field equations (3). The imposed condition on the constant C is equivalent to the assumption about the relation between a component of the metric tensor g µν and Einstein tensor G µν , namely: αg rr − ηG rr = 0 (13) We note that the relation (13) was used in most papers where black holes in the theory with nonminimal derivative coupling were examined, in particular it appears in [41, 42, 53, 54, 55] . Taking into account the evident form for the metric (9) and the obtained above expression for electromagnetic field (11) we can represent the equations (3) in the form:
(n − 1) 2rW
It is worth noting that we have four equations, namely (13), (14) , (15) and (16) for three unknown functions U (r), W (r) and ϕ ′ , it means the we might choose three of them to find the unknown functions and the fourth equation should be satisfied as an identity for the obtained solution. From the reason of simplicity we take the equations (13), (14) and (15) . Having used the equations (14) and (15) we can write:
We point out here that the right hand side of the relation (17) has to take positive values outside black hole's horizon. This condition leads to some restrictions on the parameters of coupling α, η, cosmological constant Λ, charge parameter q and Born-Infeld parameter β. Having supposed that the coupling parameters α and η are positive (and assuming that the expression 2αr 2 + εη(n − 1)(n − 2) is positive in the outer domain) one arrives at the conclusion that the expression α + Λη − 2β 2 η + 2βηr 1−n q 2 + β 2 r 2(n−1) should be negative outside the horizon, what can be achieved if the cosmological constant Λ is negative. We point out here that similar condition on the cosmological constant was imposed in case of neutral [52] and charged [55] black holes in Horndeski gravity. Since the metric function W (r) diverges on the horizon changing its sign while crossing the horizon, the same is true for the function (ϕ ′ ) 2 , unless the expression α + Λη − 2β 2 η + 2βηr 1−n q 2 + β 2 r 2(n−1) also changes it sign on the horizon. It leads to the consequence that in the inner domain ϕ ′ becomes purely imaginary (phantom-like behaviour), similar situation takes place in case of neutral and charged black holes [52, 55] . We point out there that the kinetic energy of the scalar field K = ∇ µ ϕ∇ µ ϕ is finite at the horizon and is positive in the inner domain up to the moment when the expression α + Λη − 2β 2 η + 2βηr 1−n q 2 + β 2 r 2(n−1) changes it sign. Similar analysis performed under assumption that η < 0 while α > 0 shows that in this case the cosmological constant Λ should be taken negative as well. Here we also note that if α + Λη − 2β 2 η = 0, the right hand side of the relation (17) becomes negative in the outer domain and it is not acceptable from the physical point of view. If one imposes the condition α − Λη + 2β 2 η = 0 to provide positivity of the right hand side of the relation (17) the parameter η should take negative values, this condition allows to obtain the following relations for the metric function in a bit simpler form, but it does not change the character of asymptotic behaviour of the metric function U (r) for small and large distances in comparison with the general case as it might be shown from the relations to be obtained. The right hand side of the relation (18) is always nonnegative and it demonstrates that the metric functions U (r) and W (r) always have the same sign as it should be for a black hole's solution. It is worth emphasizing that in the limit β → ∞ the relations (17), (18) as well as the relations for the metric function U (r) that will be obtained below, are reduced to corresponding relations derived for linear field [44, 54, 55] . The metric function U (r) can be written as follows:
where d 2 = εη(n − 1)(n − 2)/2α and we point out that in the following relations we assume that d 2 > 0.
It should be noted that the second and the fourth integrals in the relation (19) have some differences for odd and even dimensions of space n and the first and third ones cannot be expressed in terms of elementary functions. Namely the first integral when q 2 r 2(1−n) /β 2 < 1 can be represented as follows [68] :
and we additionally stress here that the right hand side of the written above relation is valid for large distances (r 2(n−1) > q 2 /β 2 ), whereas for small distances r 2(n−1) < q 2 /β 2 we can write:
The third integral in (19) needs also special care and due to its importance we pay attention to it. We point out here that the result of calculation of the mentioned integral depends on the parity of n and similarly to the written above relations (20) and (21) its evident form is defined by the condition whether r 2(n−1) > q 2 /β 2 or r 2(n−1) < q 2 /β 2 , but it also depends on the relation between r and d (takes a bit different form for r > d and r < d). Namely, for odd n when r 2(n−1) > q 2 /β 2 and r > d (large distances) this integral can be represented in the form:
if r < d, but still r 2(n−1) > q 2 /β 2 we can represent the latter integral in the following form:
There is no difficulties with the latter integral when two other options for distance are given, namely when r 2(n−1) < q 2 /β 2 and r < d or r > d. In contrast to odd n, the latter integral has some subtleties when n is even. If r 2(n−1) > q 2 /β 2 and r > d it can be written in the form:
where (a) l denotes the Pochhammer symbol of a. When r < d but still r 2(n−1) > q 2 /β 2 we can write:
If r 2(n−1) < q 2 /β 2 and r < d or r > d one can also write the evident form for the above integral. It should be pointed out that the main difference between odd and even n cases for given above integral is the presence of logarithmic terms ∼ ln(r/d) for even n, whereas for odd n such a term does not appear.
Considering large distance case when r 2(n−1) > q 2 /β 2 and r > d and taking into account the written above relations (20) and (22) or (24) we can write the explicit form for the metric function U , namely for odd n it takes the form: (26) and for even n we obtain:
It should be stressed that the infinite sums in the written above relations (26) and (27) are convergent when r > d and r 2(n−1) > q 2 /β 2 (which also takes place for large distances), but there is no difficulty in writing the evident form for the metric function U (r) when r 2(n−1) > q 2 /β 2 and d < r or for other two possible options for the distance (small distances). As we have noted above, the condition d 2 > 0 is imposed after the integral form for the metric function U (r) is written, we point out here that solutions with d 2 < 0 might be studied, but similarly as it was shown for neutral black hole [52] or power-law field [55] the corresponding solutions do not represent a black hole. For the flat horizon case (ε = 0) the metric function U (r) can be written in a simpler form:
We note that the written above relation takes place for large r, for small r instead of the relation (20) the relation (21) should be used, completely in the same way as it was done for the previously considered cases when ε = 0. Taking into account all the obtained expressions for the metric function U and the product U W we might investigate their behaviour for some specific values of r. Firstly, we examine the function U (r) for small values of r. Having used the relations (26) and (27) rewritten for small distances and considering only the leading terms we write:
and here we omit all the subleading terms for small r. It should be pointed out that the relation (29) is valid when n 5. If n = 3 the leading term is of the form:
in this case the dominant term for small distances is the same as for the nonminimally coupled theory without any electromagnetic field [52] . This fact can be explained by nonsingular behaviour of the electromagnetic potential at the origin of coordinates for the case n = 3 and what is not true for higher dimensions. When n = 4 the leading term can be written in the following form:
as it is easy to conclude for n = 4 the leading term (31) is caused by the term of the same origin as in the relation (29) , but due to different powers of r under integral from which they are derived they can have either power-law or logarithmic dependences. The product of the metric functions U W for small r and n 4 takes the form:
whereas for n = 3 the product U W ≃ 1 − βq ε 2 and when q = 0 it goes to the limit that is typical for static black holes in standard General Relativity. We note that singular behaviour of the product U W for small r takes place for the black holes with linear and power-law nonlinear electromagnetic filed in the theory with nonminimal derivative coupling [54, 55] .
In the above analysis we have not considered the solution with flat horizon surface (28) . As it is easy to see, the leading term for small distances takes the form as follows:
here we note that the latter equation takes place for all n 3. Having compared the relations (29) and (33) one can conclude that for the case of flat horizon (ε = 0) the singularity of the metric function U (r) when r → 0 is stronger than for nonflat horizon surface (ε = ±1). We also remark that for small distances for ε = 0 and ε = 1 the leading term is negative and for ε = −1 it might be positive. For large r the metric functions (26), (27) and (28) have similar dependence given by the leading term of the form:
and here similarly to small distances we do not write subleading terms. It is easy to see that for large r the metric function is always of anti-de Sitter type. The product of the metric functions for large r is as follows
We also consider the regime of large η, namely when the terms which correspond to the minimal coupling (terms related to the parameter α) are supposed to be considerably smaller than the terms which appear due to the presence of nonminimal coupling (terms related to η). The metric function U (r) takes the form:
Having compared the expression (35) with (28) one can conclude that for the cases of nonflat horizon (ε = ±1) the written above relation does not contain the terms proportional to η whereas the relation (28) does, so they have completely different behavior in this regime. We also remark that similar situation took place for nonlinear electromagnetic field with power-law dependence [55] . The product of the metric functions in regime of large η for nonflat topology of horizon takes the form: For flat horizon solution (ε = 0) we obtain:
We have analyzed the behaviour of the metric function U (r) for different distances r and various values of some parameters. Here we also give graphical representation which might make the given above analysis more transparent. The figure [1] shows that the change of the parameter β (parameter of nonlinearity of the gauge field) affects weakly on the behaviour of the metric function (at least this effect is small in the domain of change of the parameters we have used here). The influence of the cosmological constant Λ as it follows even from the above analysis is more important for large distances, where the AdS-term becomes dominant, but for small distances the influence of the AdS-term is negligibly small.
Some particular interest might be also in considering of the regime of small β, namely for the metric function U (r) we have:
and for the product of the metric functions we write:
We point out that for the flat horizon case (ε = 0) the last term in the asymptotic relation (38) does not appear. It should be also noted that given above two relations are valid for small and intermediate distances, since the product βr 2(n−1) which is present in general relation for the metric functions might become large for corresponding large values of r.
To obtain information about coordinate and physical singularities of the metric Kretschmann scalar at different points should be examined. In general it takes the form:
One can verify easily that at the horizon point r + , namely when U (r + ) = 0 the Kretschmann scalar (40) is nonsingular, it means that the horizon points are the points with a coordinate singularity as it should be for a black hole. To investigate the behavior of the metric at the origin and at the infinity one should use corresponding asymptotic relations that has been obtained previously. At large distances when r → ∞ the Kretschmann scalar is as follows:
It should be noted that the relation for Kretschmann scalar at the infinity is completely the same as it is for a chargeless solution [52] or with nonlinear electromagnetic field [55] . This similarity is caused by the same asymptotic behaviour of all the metrics at the infinity. Since the metric functions have different behaviour in the domain close to the origin of coordinates for diverse dimensions of space n and values of ε it means that the Kretschmann scalar (40) should be examined separately for all these cases. Firstly, we consider the situation when n 5 and ε = ±1. Having substituted the leading terms of the metric functions given by the relations (29) and (32) into the relation (40) and after little algebra we obtain:
It should be pointed out that the obtained relation does not contain the integration constant q nor the parameter β which are present in the leading terms of the metric functions. We also remark here that for power-law field as well as for the linear one [55] the Kretschmann scalar at the origin has similar dependence ∼ 1/r 4 and does not depend on the charge parameter q. Now we derive the Kretschmann scalar when n = 4 and ε = 0. Here it is necessary to utilize the relations (31) and (32) . As a result we arrive at the expression:
We note here that the written above expression does not depend on the parameters q and β analogously as it was in the previous case (n 5), but it has a bit stronger singular behaviour at the origin due to the presence of a divergent logarithmic factor. In three dimensional space (n = 3) we have to use the the relation (30) and the corresponding relation for the function W and as a result the Kretschmann scalar in the vicinity of the origin takes the form:
We conclude that in three dimensional space the singularity of the Kretschmann scalar is the strongest and it is caused by the other term than in the previously analyzed cases when n 4. When q = 0 the relation (44) is completely the same as it was for the neutral case [52] . Now we consider flat horizon geometry (ε = 0) and we should use the asymptotic relation (33) and corresponding relation for the metric function W . We remark that for the flat horizon geometry we do not consider the cases of various dimensions separately because the behaviour of the metric functions is defined by similar relation for all the dimensions. As a result we obtain:
and here similarly to the investigated above cases of nonflat geometry the behaviour of the Kretschmann scalar does not depend on the parameters q and β, but in contrast with the nonflat cases the relation (45) is valid for all the dimensions n 3.
Electromagnetic field potential
The important feature of a charged black hole is its gauge potential, namely it has key role when one tries to derive the first law of black holes thermodynamics. The evident form of the gauge potential can be found easily when one uses the relation for the gauge field (11) . So, we can write:
Taking into account the relation for the product of the metric functions (18) one can perform the integration and write the gauge potential in the form:
for odd n and large r and
for even n and large r respectively. We note that almost all the terms which depend on the radial coordinate r go to zero at infinity and the only exclusion is the arctan(r/d) term in the case of odd n but this term is finite at the infinity, so the value of the gauge potential at the infinity is mainly defined by the constant of integration ψ 0 that we have introduces in our relation. This constant can be taken arbitrary, but here we take it nonzero to provide the condition that the gauge potential (46) is equal to zero at the horizon. This requirement is not necessary, but it is quite convenient when one uses the Wald procedure to obtain the first law of black hole thermodynamics [54, 55] . We note that for small r another representation for hypergeometric function should be used. Namely, for odd n we can write:
and for even n we obtain:
2d n−2 ln 1 +
The written above relations show that near the origin of coordinates the gauge potential A 0 (r) is singular when n 4, namely when n = 4 the potential has a logarithmic divergence at the origin whereas for n > 4 we have power-law singularity. It should be pointed out that even the gauge field (11) is singular at the origin if n 4, the only case when the gauge field and the potential are not singular is n = 3. We also emphasize that the behaviour of the gauge field and potential in our case is completely different from the situation which takes place in standard General Relativity with a gauge field described by a Born-Infeld type of action, where the gauge field and potential have nonsingular behaviour for all values of n.
If ε = 0 the gauge potential has a simpler form, namely for large n we can write:
and for small r we obtain:
It follows from the latter two relations that the gauge potential has power-law singularity at the origin for all n 3 and at the infinity it equals to the constant ψ 0 .
Having the explicit form of the gauge field (11) and using the Gauss law we calculate total charge of the black hole which is of the crucial importance for black hole thermodynamics. The Gauss law for the Born-Infeld electrodynamics takes the following form:
and here * F denotes the Hodge dual of electromagnetic field form F and the integral is taken over a closed n − 1-dimensional hypersurface Σ. After calculation of the latter integral one arrives at:
where ω n−1 is the hypersurface area of a "unit" hypersurface of constant curvature (it would be surface area of a unit hypersphere in case of spherical symmetry). For nonspherical geometry of horizon it is convenient to define the total electric charge per unit area which can be written in the form:
The electric potential measured at the infinity with respect to the horizon can be represented in the form:
where χ µ is a timelike Killing vector null on the event horizon and we have taken it to be the time translation vector χ µ = ∂/∂t. After calculation we obtain:
so the potential Φ q is completely defined by the integration constant ψ 0 . It should be pointed out that one can impose that A µ is zero at the horizon, but it would give rise to the same expression for the measured electric potential Φ q .
Black hole thermodynamics
In this section we derive and investigate main thermodynamic relations of the black hole solutions obtained in the previous section. One of the most important thermodynamic quantities of the black hole is its temperature which can be obtained in the same way as it is done in General Relativity, namely its definition is based on the notion of surface gravity which can represented in the following form:
and hereχ a is a Killing vector, which should be null on the event horizon. Similarly as in the previous section we take the vector of time translation χ a = ∂/∂t. One can calculate the surface gravity (58) and substituting it in the definition of the temperature one arrives at the relation:
where r + is the radius of the event horizon of the black hole. It should be pointed out that nonetheless on the complicated structure of the metric function U (r) the evident form of which contains hypergeometric functions, the temprature can be represented in a relatively compact form which comprises just of rational and irrational functions of the horizon radius r + . After all the calculations the temperature can be represented in the following form:
In the limit when β → ∞ we recover the relation for the temperature for linear Maxwell field, namely we arrive at [55] :
Here we remark, that the relation for the temperature for linear Maxwell field given in our previous work [55] was written in a bit different form, but some simple transformations allows us to obtain the relation (61) . The obtained relations for the temperature (60) for arbitrary β, as well as its particular case (61) for linear field are not so simple to comprehend their behaviour in full details, but nevertheless some general conclusions can be made just looking at the given above relations. First of all for large horizon radii r + the dominant term in both cases is linear over r + , namely we arrive at the relation T ≃ (α − Λη)r + /4πη for arbitrary β. The fact that the leading term of the asymptotic relation does not depend on the parameter β can be explained by the domination of the AdS-term in this case and also thanks to the circumstance that Born-Infeld modification of gauge action was introduced to eliminate divergent behaviour of the gauge field for small distances, whereas for the large ones the electromagnetic field behaves almost in the same way as for the linear field case. For small horizon radius the behaviour of the temperature is different for arbitrary finite β and for the limit case of linear field (β → ∞), namely for the first case we have T ∼ βr 2−n + whereas for the latter one it behaves as T ∼ r 3−2n + so we conclude that for linear field the dependence of the temperature for small radius of horizon is stronger for linear field, but this conclusion is expectable since as we have already mentioned Born-Infeld theory was introduced to modify the electromagnetic field in a way to make it finite at the origin, thus it does not takes place here in the theory with nonminimal derivative coupling apart of the case when n = 3. We also pay attention to the case n = 3 here, namely when β = 0 and ε = 0 for small horizon radius the temperature might change its sign depending on the relation between β and q.
We have analyzed the dependences for the temperatures (60) and (61) for some particular cases of r + , namely for its extremely large and small values, to understand behaviour of the temperatures better for some intermediate values of r + we demonstrate it graphically. Figure [2] shows this dependence for various values of β, when the other parameters are held fixed (the left graph) and for various values of the cosmological constant Λ (the right graph). We can conclude that the variation of the parameter β affects considerably on the temperature for small horizon radius, whereas for large values of r + this influence is negligibly small and the behaviour is mainly defined by the AdS-terms in all the cases. Variation of the parameter Λ has substantial influence on the temperature for large r + , whereas for small r + its contribution becomes negligibly small. The function T (r + ) might be nonmonotonous, what is better seen on the right graph, this fact might give us some critical behaviour in extended thermodynamic phase space similarly as it is done for charged black holes in the framework of standard General Relativity [70, 71] , but this issue will be investigated elsewhere.
Wald's approach and entropy of black hole
There are several approaches to define entropy of a black hole, some of them take their roots in earlier work of Gibbons and Hawking [72] , other approaches are based on Wald's procedure (or method) which can be treated as a generalization of Noether method to derive conserved quantities in gravity [73, 74] . It should be pointed out that Wald's procedure applicable to quite general diffeomorphism-invariant theories. It has been applied to numerous black hole solutions in the framework of standard General Relativity as well as its generalizations [53, 54, 55, 75, 76, 77] . In Horndeski Gravity the Wald's procedure appears to be a consistent approach to obtain the first law of black hole thermodynamics. We point out here that the scalar potential in Horndeski Gravity has singular behaviour, but the Wald's procedure takes this fact into account [53, 54] . We also note that Wald's procedure allowed to derive reasonable and in some sense universal relations for back hole's entropy [53, 54, 55] .
The obtained relation is very simple and completely coincides with corresponding relation obtained for linear Maxwell field [54] . Taking into account relations for the total charge and gauge potential and performing integration over angular variables we can obtain relation for the variation of the gravitational Hamiltonian at the infinity δH ∞ :
where δM is the variation of the black hole's mass which can be written in the form:
It should be pointed out that for non-spherical topology of horizon the relation (70) should be treated as the variation per unit volume. We would also like to emphasize that obtained relation for the mass (71) takes completely the same form as in case of standard General Relativity.
Taking the variation of the Hamiltonian at the horizon we arrive at the relation:
where A = ω n−1 r n−1 + is the horizon area of the black hole. Here we note that variation of the Hamiltonian at the horizon does not include a contribution from the gauge field due to the fact that gauge potential equals to zero at the horizon. Latter relation for the variation of the Hamiltonian at the horizon can't be represented in the form T δS which takes place in the standard General Relativity, in other words the form in the right hand side of the relation (72) is not exact, this fact was noted in [54] and a specific procedure was proposed to derive a relation for black hole's entropy. To write the first law of black hole mechanics it was proposed to introduce specific "scalar charge", related to the scalar field [54] . But as it was shown in our earlier works [52, 55] the "scalar charges" can be chosen in different way, and here we take the same form for them as in our previous works and rewrite the latter relation in the form:
where S is the entropy of the black hole, Q + ϕ and Φ + ϕ denote introduced "scalar charge" and related to it potential. These introduced values can be chosen in the form:
As we mentioned above the scalar "charge" Q + ϕ and conjugate potential Ψ + ϕ might be defined in other way, but in our case it allows to derive relation between the temperature and entropy from one side and introduced scalar "charge" and potential from the other one:
Using relations (65) and corresponding results for the variations at the horizon and at the infinity we can write the first law in the following form:
The obtained relation (77) has very simple form, similar to corresponding relation in standard General Relativity, but nevertheless the introduced definition of the entropy is not supported by some independent way of calculation. It should be pointed out that several attempts to calculate entropy with help of Euclidean methods were made, but there they were related mainly to planar geometry [78] or chargeless case. It should be pointed out here that accurate application of Euclidean action requires properly regularized and renormalized action, this regularization means that we take into account Gibbons-Hawking-York boundary term (2) and renormalization or the regularized action should be performed to make the action finite, since we deal with asymptotically AdS solutions, but this issue is a subject of independent investigation and will be performed elsewhere.
Conclusions
In this work we consider particular case of general Horndeski gravity, namely the theory with nonminimal derivative coupling and we also take into account gauge filed minimally coupled just to gravity sector and given by a Lagrangian of Born-Infeld type. We obtain static solutions which represent black holes. Since the cosmological constant is taken into account it allowed us to consider not only spherically symmetric solution, but also to obtain topological solutions with nonspherical horizon, namely with flat (ε = 0) and hyperbolic (ε = −1) ones.
In general the structure of the obtained solutions is complicated, but nevertheless they share some common features with black holes' solutions derived in the framework of General Relativity as well as in Horndeski Gravity. Firstly, all the obtained solutions have AdS-like behaviour at large distances, because of the presence of the cosmological constant Λ and due to the influence of the scalar field, but in contrast with the ordinary General Relativity, where the metric at large distances is completely defined by a term with bare cosmological constant Λ in our case we have some effective constant which is defined by the bare one and coupling constants for the scalar field α and η. The behaviour of the metric for very small distances (r → 0) depends on the type of topology as well as on the dimension of space. Namely, when ε = 0 there are three different types of the behaviour of the metric function U (r), for n = 3, n = 4 and n 5, what is demonstrated by the relations (30), (31) and (29) respectively, whereas for the flat horizon solution (ε = 0) the character of the function U (r) for all n 3 is the same (33) . We also stress here that the leading terms for flat geometry (ε = 0) as well as nonflat geometry ε = 0 if n 4 is completely defined by the gauge field term and for the particular case ε = 0 and n = 3 the dominant term is of Schwarzschild type. In addition we would like to emphasize that the Kretschmann scalar (40) , which defines the character of singularity at the origin for the flat case ε = 0 and for the nonflat one ε = 0 if n 5 for small distances show the dependence ∼ 1/r 4 and does not depend on the charge q, the same situation takes place for linear and power-law fields [55] . For n = 4 and ε = 0 the Kretshmann scalar has additional peculiarity of a logarithmic character (43) and for the case n = 3 and ε = 0 due to domination of the Schwarzschild term the Kretshmann scalar has completely different behaviour (44) . We also obtained and examined the relations for the gauge field and gauge potential and it was shown that for n = 3 and ε = 0 the field and potential are nonsingular at the origin, whereas for other considered dimensions and types of geometry they are singular at this point. We point out here that in standard General Relativity with Born-Infeld field where the field and potential are nonsingular at all distances for all dimensions.
We have also examined some aspects of black hole's thermodynamics. First of all we have obtained relation for the temperature (60) and we show that in the limit β → ∞ we recover the relation (61) which was derived in our previous work [55] . Careful analysis of the obtained relation shows that for large radius of the horizon r + the temperature increases almost linearly due to domination of AdS-term in this case. For small radius of horizon the situation is completely different, namely the leading term in this case is related to the gauge field, but it should be pointed out here that in case of finite β the character of dependence T (r + ) is of the type ∼ βr 2−n + , whereas for linear field one arrives at the asymptotic ∼ r 3−2n + this difference can be explained by the fact that Born-Infeld gauge field has more moderate dependence of the r + than the linear one. To obtain the first law of black hole thermodynamics we have utilized Wald's approach which is applicable to general diffeomorphism-invariant theories. Wald's method is well-posed, but nevertheless the definition of entropy is not an easy task, to introduce the entropy we followed the approach suggested in [54] and used in our work [55] where additional "scalar charges" were introduced. Here we point out that the choice we made to introduce "scalar charge" is not unique, in the paper [54] it was taken in a bit different form, this ambiguity and the fact that we do not have a corresponding "charge" related to the scalar field which appears due to integration of equations of motion makes this final step in Wald's procedure a bit unsatisfactory. To make this step well grounded we should have independent approach to define entropy and as a consequence to write the first law. As it is known the relation for entropy can be derived with help of Euclidean approach. In order to use Euclidean approach one should renormalize the total gravity action (1) to make it finite at infinity, we also point out here that several attempts to use Euclidean techniques were made, but they were mainly related to uncharged black hole [42] or black holes with flat topology of horizon [78] .
